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Power towers of string instantons for N = 1 vacua
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ABSTRACT: We provide arguments for the existence of novel hereinafter called poly-
instanton corrections to holomorphic couplings in four-dimensional N=1 supersymmetric
string compactifications. After refining quantitatively the D-brane instanton calculus for
corrections to the gauge kinetic function, we explicitly apply it to the Type I toroidal orb-
ifold defined in arXiv:0710.3080 and compare the results to the proposed heterotic S-dual
model. This leads us to the intriguing conclusion that N=1 string vacua feature a power
tower like proliferation of instanton corrections.
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1. Introduction

Non-perturbative effects not only play a very important role in field theories but also in
string theory. For this reason they have been studied in string theory from the early days
on (see for instance [[]-[]), where particular attention was given to instanton corrections
to the superpotential of the four-dimensional N = 1 supersymmetric effective action, as
these corrections influence the vacuum structure of the string compactification. For four-
dimensional models very powerful non-renormalisation theorems for holomorphic couplings
have been argued for [fl, f].

Historically, these theorems were first derived for world-sheet instanton corrections to
the holomorphic couplings in N = 1 compactifications of the heterotic string. In this case,
the non-renormalisation theorem states that the superpotential is only corrected by world-
sheets of genus zero, i.e. single isolated instantons have the topology of a sphere. Similarly,
the gauge kinetic functions should only receive corrections from world-sheets of genus one,
i.e. with the topology of a torus. These theorems are considered to be confirmed both by
explicit computations of gauge threshold corrections for toroidal orbifolds (B, fl], as well as
by the implications of the very powerful method of mirror symmetry [L{].

Recently, also space-time instantons have been studied more concretely [[L-R7. In
view of the fact that we are only endued with a perturbative approach to string theory,
one expects that these are much harder to describe, as they are non-perturbative in gs.



However, a subset of these space-time instantons can be described as D-branes localised in
the four-dimensional space-time and wrapping a cycle of the internal geometry. Indeed the
microscopic description of such instantons could be made very explicit by employing the fact
that their fluctuations are described by an open string theory, just as those of space-time
filling D-branes. This allowed a simple determination of the instanton zero modes [2§, B9
and, generalizing the holomorphy arguments from the heterotic string, the proposal for
an instanton calculus for holomorphic couplings [IJ]. One ingredient of the latter is that
the one-loop determinants describing the fluctuations around the instanton to first order
are captured by open string one-loop diagrams with one boundary on the instanton. In
addition, following the rules for open strings ending on D-branes, it was pointed out that
instantons with so-called charged zero modes can generate certain charged matter couplings
in the superpotential which are forbidden perturbatively [[[3, [[3, B0, B1].

To summarise, the advanced techniques of mirror symmetry allowed to compute whole
sums of world-sheet instanton corrections to holomorphic couplings, while D-brane and
open string technology has its strength in relating the microscopic instanton computation
to boundary conformal field theory.

In this paper, we follow this second strategy and from this vantage point revisit the
instanton corrections to holomorphic couplings in N = 1 four-dimensional orientifold vacua.
After quantitatively refining the D-brane instanton calculus for the gauge kinetic function
proposed in [RI], we will argue that, in contrast to field theory, in string theory there exist
instanton corrections to the instanton action, which leads to an infinite power tower-like
proliferation of instanton corrections. As we will see, these iterated instanton corrections
can be understood as multi-instanton corrections involving different stringy instantons very
much in the spirit of multi-instanton corrections responsible for the correct behaviour of the
superpotential along lines of marginal stability [B2. We would like to emphasise that these
effects are not equivalent to ordinary multi-instantons in field theory, which correspond in
string theory to multi D-instantons wrapping the same internal cycle and placed on top
of a stack of space-time filling D-branes. Since in our case the instantons wrap different
cycles, in order to distinguish them, we will call them poly-instantons 1.

By S-duality, their existence would imply that in the heterotic picture there are not only
genus zero world-sheet instanton corrections to the superpotential but also poly-instanton
corrections where precisely one world-sheet has genus zero and all others genus one. We
reckon that these corrections can not be obtained from Polyakov’s path integral for a single
string world-sheet, as they originate from multiple world-sheets and their interactions. By
interactions we do not mean the usual splitting and joining processes of strings, but terms
in the effective action of two fundamental heterotic strings that only exist when two world-
sheets are present 2. At least, this seems to be the picture imposed upon us by assuming
the validity of both S-duality and our D-brane instanton calculus.

This paper is organised as follows: In section 2 we present our arguments for the exis-

!Etymologically, it would actually be more appropriate to call them multi-instantons and the instantons
wrapping the same cycle poly-instantons.

2This is analogous to the well known fact, that the effective U(NV) gauge theory on a stack of D-branes
contains new interaction terms compared to a single D-brane carrying only an abelian U(1) gauge symmetry.



tence of these novel poly-instanton corrections to the holomorphic gauge kinetic function
and the superpotential. In addition, on a more technical level, we refine the D-brane in-
stanton calculus for the computation of holomorphic functions. In particular, we relate
all relevant annulus amplitudes responsible for the absorption of zero modes to ampli-
tudes known from computations of the gauge threshold corrections and second derivatives
thereof. To test the proposed calculus, in section 3 we work out explicitly a recently pre-
sented heterotic-Type I S-dual orbifold model B3], where in the heterotic description the
world-sheet instanton corrections can be computed explicitly. We compare this result to
the expectation from the Type I side. Firstly we find indirect confirmation of the Type I
instanton calculus and secondly observe that the poly-instantons are not included in the
heterotic computation. We conclude with a number of remarks concerning the generality
of these poly-instanton corrections and their phenomenological implications.

2. Poly-instanton corrections

In this section, we present an observation about string instanton corrections to holomorphic
couplings in N = 1 supersymmetric orientifold compactifications, which to our knowledge
has not yet been spelled out explicitly and which suggests novel instantons corrections. By
duality, we then expect these corrections to exist in the heterotic setting, for which most of
the early string instanton arguments were derived [I]-[l]. We guess that these corrections
were overlooked mainly for the reason that they are not so straightforward to see there.

For concreteness we consider the Type IIB orientifold where the orientifold projection
is just the world-sheet parity transformation 2. This simple orientifold is usually called the
Type I string. To break supersymmetry down to N = 1 in four dimensions, we compactify
the Type I string on a Calabi-Yau manifold and we introduce D9-branes (and their
images), which can be magnetised, and D5-branes to cancel the tadpoles of the O9 and
curvature induced Ob5-planes. Note that D9-branes invariant under 2 carry SO Chan-
Paton factors and D5-branes USp ones [B4]. Conversely, Q-invariant euclidean E5-branes
carry USp Chan-Paton labels and Q-invariant euclidean E1-branes SO ones.

2.1 Instanton corrections to the gauge kinetic function

On such a stack of magnetised D9- or D5-branes we can compute the Wilsonian gauge
kinetic function f,, which due to holomorphy has an expansion

fa=M2S+ S MITr+ fP U+ S gty) T (2.1)
I F1—inst.

where the coefficients M depend on the type of brane and the gauge fluxes turned on.
Note that in particular the one-loop correction and the El-instanton prefactor do not
depend on the complexified Kéahler moduli 77 = ¢; +¢Vol(I'7)/gs, but only on the complex
structure moduli U;. Moreover, there are no corrections from FE5-instantons as they carry
USp Chan-Paton labels and therefore do not have the right zero mode structure.

As shown in the T-dual picture of intersecting D6-brane orientifolds [RT], the E1-
instantons must be of type O(1) and must, in addition to the universal four bosonic and
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Figure 1: Annulus 1-loop vacuum diagram.
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Figure 2: Mobius strip 1-loop vacuum diagram.
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two fermionic zero modes related to broken translation invariance and supersymmetry,
carry two further fermionic zero modes u®, which arise from the two Wilson lines along
the genus one holomorphic curve wrapped by the El-instanton.

An instanton with precisely one pair of such fermionic zero modes can generate a
correction to the SU(N,) gauge kinetic function via the instanton correlator

(Fa(p1) Fa(p2))E1 = /d4$ d*0 d*p A(D9,, E1) exp(—SEs®) exp (—Zy(E1)) |

where Sg1 denotes the tree-level instanton action, Z)(FE1) the one-loop determinants with
the zero modes removed and A(D9,, E1) is the annulus diagram depicted in figure f|. Note
that due to holomorphy, contributions to f, can reliably be computed in the one-loop
approximation. As was first shown in , ], the one-loop determinants can be expressed
as the holomorphic part of the Mobius and the F1-D9 annulus vacuum amplitudes

Zy(Ely) =Y A(El,, D9) + A(E1,,09) (2.2)
b

which are related to one-loop gauge threshold corrections for fictitious space-time filling
D5-branes that are described by the same boundary state in the internal CFT as the
instanton®. This relation is diagrammatically shown in figures [ and P.

Note that this relation between the instantonic vacuum diagrams and the gauge thresh-
old corrections for the fictitious space-time filling D5-brane, identical to the Fl-instanton
in the internal CFT, is expected from the observation that for the case the D5-brane is
really there, i.e. the instanton is lying on top of a D5-brane, the El-instanton describes a
gauge instanton whose instanton action is the gauge coupling [[L5].

The four fermionic zero modes of the instanton can be absorbed by an annulus diagram
with appropriate insertions. Indeed, A(D9,, E1) is the annulus diagram shown in figure §-

We will argue later that we can express the one-instanton correction to the gauge kinetic
function on a brane D9, in terms of the holomorphic parts of the gauge threshold diagrams

$We will from now on refer to these D-branes, which are not there in our model(s), but which are useful
to establish relations and clarify our arguments, as fictitious D-branes.
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Figure 3: Annulus diagram for an Fl-instanton correction to f,. The upper indices give the ghost
number of the vertex operators.

for a fictitious D5, brane wrapping the same internal cycle as the F1, euclidean brane.
We find it very useful to introduce a diagrammatic notation for the D-brane instanton
amplitudes which illuminates on first sight which open string annulus and Mobius diagrams
contribute and how the zero modes are absorbed.

o= [ TS (-5 (1)
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The exponent consists of two terms, the tree level instanton action StrCC and the sum

of annulus and Mobius diagrams R [Zj(E1,)] = >, @ + @ Both are equal to

El. D9, _.FE1,
quantities related to the fictitious D5, brane, as will now be dlscussed

The tree level instanton action StrCC is equal (up to a constant factor) to the tree level
gauge kinetic function ftrCO on the ﬁctltlous D5,. brane. This is a consequence of the fact
that both are obtained by dimensionally reducing the DBI action on the same cycle of
the internal manifold (or, in other words, both are given by the volume of the curve the
instanton F1, and the — fictitious — D-brane D5, wrap in the internal space):

]2
(95557)

Furthermore, as we just argued, the sum of annulus and Mébius diagrams R [Z{(E1,.)]

Sigse = 2 fE = — 5 + 0 (2.4)

is equal to the one-loop gauge threshold corrections on the fictitious D5, brane and can
therefore be interpreted as the one-loop correction S;J_lifmp to the instanton action:

R [SEE;}’OP] = R [Z(E1,)] = _ s (2.5)

2
1-1
(95")
This equality was proven from the CFT amplitudes that determine these quantities using
theta-function identities [B(, [[(§] and also holds for the holomorphic parts [P1] (with the

holomorphic part $ol(Sy o 1OOP) of the one-loop correction to the instanton action appropri-
ately defined):

57)0[( 1 loop) — o fl loop (26)

In string theory we expect that the gauge kinetic function on D5, receives Fl-instanton
corrections, just as that on D9,. Consequently, if, as one would expect, the aforementioned



equality between the action of the instanton E1, and the gauge kinetic function on the
D-brane D5,., which holds at tree and one-loop level, is true exactly, the E1, instanton
action must receive the same instanton corrections.

n ? n ? n
SEIL #£0 ﬁo[(SEIL) =27 fDI;';T. (2.7)

The latter originate from E1s-branes wrapping different holomorphic curves of genus one.
By including these corrections, we obtain an expression like

fa — /d297« d2,ur @ e—SElr_Z(l)(Elf')_zs Jd*ers d?0s d?ps E@s eiSElsfzé(Els)“" (28)
Dy, Fl,

where, by iteration of our argument, the dots mean instanton corrections to the instanton
action of Fl,. Here we have already performed a change of integration variables from the
bosonic zero modes zt and z% to their difference and sum. This sum, the center of mass
position, appears in the [ d*z f, measure factor and the relative position z,, = (z, — x)
is to be integrated over in (2.§).
By restricting to a single E1, instanton (i.e. no summation over s in (B.§)) and expanding
the exponential we can write

fum [0y, 1) T e B (2.9)
D9, El

o0 _1 n n ,
" [Z:O/d‘mxm 0219, 421, ( n!) (@;) o1 5E1, on ZY(ELL)

- / @20, 2, 1) [ e S 2o _
D9, E1,

d*z,s d?0, d?0, du, d? e~ %0 (Blr)=Zy(ELs) o=Se1,—Sp1s 4
/ rs r s Ur A g % % +
which reveals that these instanton corrections to the instanton action show up as multiple
instanton corrections to more physical quantities, such as the gauge kinetic function on the
D9, branes, or, as another example that we will encounter later on, the superpotential.
However, these corrections are of a different nature than multi-instanton contributions in
field theory or standard heterotic multi world-sheet instantons, as they involve more than
one type of F1 instantons. We will therefore call them poly-instanton corrections. Indeed,
as we will see later, one gets E%% = 0 if both boundaries are the same FE1 so that an
annulus with boundaries on two F1l-instantons can only absorb the fermionic zero modes
if the boundaries are on different instantons.

Note that the tree-level relation between the (gauge) instanton action S&! and the
gauge kinetic function f is trivial for a gauge instanton in field theory as the instanton
action is proportional to the inverse square of the gauge coupling, i.e. to f. At one-loop
level, one inserts the running coupling in the expression. However, the aforementioned
stringy relations involving the holomorphic one-loop and non-perturbative corrections to
the gauge kinetic function do not have counterparts in field theory.

Now that we have related instanton corrections to the instanton action to poly-
instanton amplitudes, we would like to compute these poly-instanton amplitudes to see



whether our expectations are fulfilled. Clearly, in a poly-instanton sector we get many
more zero modes all of which have to be soaked up to yield a non-zero result. The equa-
tion (P.9) already tells us how this should happen. For concreteness, let us discuss the two
instanton sector. From the expansion of (R.§) it is obvious how the zero mode absorption
should work for the higher order terms.

The instanton E1, corrects the gauge kinetic function on D9,, so it must be of type
O(1) and carry two Goldstino zero modes < and two Wilson line modulini zero modes u'.
The instanton F1g corrects the instanton action E1, or, equivalently (at least we expect
s0), the gauge kinetic function on the fictitious D5, brane, so it must also be of type O(1)
and be endowed with the same zero modes, i.e. two 0$’s and two ug’s. We require that
there are no further zero modes from open strings stretched between F1, and E1,. If such
modes were present, there would be charged zero modes in the E1,-D5, sector and the
instanton F'1g would not correct the gauge kinetic function on the fictitious D5,., so we
would not expect it to correct the instanton action of E1,.. Consequently, there are eight
fermionic zero modes that need to be saturated in this two-instanton amplitude. Four
of them, the 6%’s and the u%’s, can be soaked up by the amplitude ()] (see figure )

D9qFE1y
and the remaining ones by the pure instanton diagram E@g. Of course, the role of the

two instantons can be exchanged and eventually one has to sum over all possibilities of
distributing the fermionic zero modes on different annuli. One has to make sure though
that the whole instanton amplitude is connected from the space-time point of view, i.e. that
the instanton amplitude cannot be factorised into a product of lower order amplitudes. In
the next section we clarify what happens to the additional bosonic zero modes 7 5.

Note that at third order (i.e. for n = 2 in (R.9)) the zero mode absorption requires the
product of three diagrams

(O L0 1] (2.10)

D9, F1, El, Els El, El;

i.e. all additional 6§ and pu zero modes are absorbed by annulus diagrams with the E1,
instanton on the empty boundary. In this sector the instanton E1g and the zero mode
absorption amplitude E%gs appears twice, so that one has to insert the usual combinatorial
factor 1/2!. Extra zero modes appear when the positions of the two instantons F1lg; and
FE1,5 are identical, which however does not influence the zero mode absorption amplitudes.
Since the sector with these additional zero modes is bose-fermi degenerate, also the one-loop
determinants exp (E@Q) are not divergent, whether one includes the zero modes in them
or not. Therefore, it seems to be a fair procedure to evaluate first the three and also higher
order amplitudes in the region of instanton moduli space where the instantons are separated
by a finite distance in the four-dimensional spacetime. Then, if on the subspace, where
the instantons are coincident in the four dimensional spacetime, no sources of singularities
appear in the integrand, one can reliably take that result. It would be interesting to
honestly perform the instanton computation with the zero modes for coinciding instantons
included, but this is beyond the scope of this paper.

Let us summarise: Due to the existence of O(1) El-brane instanton corrections to the
gauge kinetic function on both the D9 and D5 branes and the fact that the F'1 instanton
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Figure 4: Annulus D5-brane diagram with four fermion insertions.

action is related to the gauge kinetic function on fictitious D5-branes being identical to
the F1 instanton in the internal space, one gets instanton corrections to instanton actions
for N = 1 orientifold vacua. As an immediate consequence this leads to a proliferation of
possible instanton corrections to the holomorphic gauge kinetic function. These additional
corrections can be understood as novel stringy poly-instanton corrections for which part of
the zero modes are soaked up among the different instantons themselves.

Note that if the action of a genus one instanton A receives corrections from a genus
one instanton B, then also the opposite is true. As a consequence one gets, already when
there are only two separate instantons with the appropriate zero mode structure present,
an iterative structure of mutual instanton corrections leading schematically to an infinite
power tower like

_Snc
—SB—efsAfe B

Ofy =e 947 (2.11)

The generalisation of this expression to the case that more than two instantons contribute

is obvious 4.

2.2 Instanton zero mode absorption

FExcept for the instantonic one-loop vacuum diagrams the main building blocks in the
instanton amplitudes are the zero mode absorption diagrams [QQ—_EQ and 91:‘]; These are
annulus diagrams with different boundaries and four fermions inserted on the £1 boundary
and are therefore not so straightforward to compute using conformal field theory methods.
We will now argue that by N=1 space-time supersymmetry these diagrams are related to
diagrams with boson vertex operators inserted, which are comparably easy to compute.

By “T-duality” in the four non-compact directions we expect that 191:‘1;1 is related to
the diagram shown in figure fi.

For D5 branes the #’s become gauginos inside a vector supermultiplet, usually denoted
as A, and the p’s are the Wilson-line modulini inside a chiral multiplet M = m + u. Then
this coupling arises from the N = 1 gauge kinetic term

/ Ao 20 fu(m + 0p) WP (2.12)

“In this paper we are not concerned with the convergences of such infinite power towers, a question
which deserves investigation. Note that sometimes such self-similar, iterated series show a fractal structure.



and is the second derivative of the one-loop correction to the gauge kinetic function with
respect to the Wilson line chiral supermultiplet, evaluated at m = mg, where myg is the
Wilson line carried by the O(1) instanton. Therefore, from this supersymmetric Ward
identity we expect a relation like

82
O ~5200)

El, Els D5, D5s

: (2.13)

m=mg

where the two vertex operators inserted on the boundary of D5, are gauge boson vertex
operators. The amplitude in (R.I3) is thus the second derivative of a gauge threshold
correction amplitude.

However, there is a subtlety concerning the bosonic zero modes z!' and z%. The annulus
diagram with boundaries on two Db5-branes that is relevant for the one-loop threshold
corrections has an extra 1/t2 factor in the annulus measure compared to the case of two
FEl-branes. This factor stems from the integration over the four-dimensional momenta of
the D5-D5 strings. On the other hand the open string spectrum between two euclidean
branes contains an extra exp(—mt(x, — x4)?) factor, if the branes are localised at different
positions in the four-dimensional non-compact space. However, in the two instanton sector
we have to integrate over the relative distance x,; = x, — s which yields precisely

Ao, e T = iz , (2.14)
R4 t
such that after integrating over x,; we find that the amplitudes in ([2.I3) are identical (up
to possible normalisation factors).

Note that the tadpole divergence for ¢ — 0 that one encounters in the threshold
computation is, in the case of the Fl-instantons, not due to massless tadpoles but comes
from the integration over the non-compact relative distance between the E1-branes. From
all this we conclude that the correct identification between the holomorphic piece in the
four-zero mode absorption F1 amplitude and the second derivative of a corresponding
gauge threshold correction is

82

- Om?

} = (2.15)
El, Elg D5, D5s

R [ / d*a,d?0,d% 1

m=mg

Since the tadpole divergence in the threshold correction is not Wilson line dependent, this
gives a finite result. Moreover, for identical E'1 branes, the one-loop thresholds are not
Wilson line dependent and therefore, as claimed earlier, E%gr: 0.

Finally we need the zero mode absorption amplitude between the D9-branes and an
Fl-instanton. In order to determine it, we recall that, in an annulus diagram, a boundary
on a D9-brane with two gauge boson vertex operators inserted can be replaced with a
boundary on an E5-instanton, which is localised in the four-dimensional space-time and is
described by the same boundary state in the internal CFT as the D9-brane. This relation
was proven for the case that no vertex operators are inserted on the other boundary and

argued to be true generally [B5. The E5-E1 diagram with four vertex operators inserted



can be related to gauge threshold diagrams just as the F1-F1 diagrams and we finally find

82
2 2 _
R [ / d20,d% 1, KDf 92 Eﬁi 2] - (D9> Difs)rz

so that by this line of arguments we have arrived at the conclusion that for the computation

(2.16)

m=mg

of poly-instanton corrections to the gauge kinetic function on some D9-branes, all building
blocks are related directly or via second derivatives with respect to the Wilson-line moduli
to the holomorphic pieces of one-loop gauge threshold corrections among pairs of (partially
fictitious) space-time filling D9 and D5-branes. As required by holomorphy, all building
blocks appear already in the one-loop approximation. Once we know all these building
blocks, the computation of poly-instanton corrections becomes a combinatorial exercise.

2.3 Poly-instanton corrections to the superpotential

The arguments we gave for poly-instanton corrections to the holomorphic gauge coupling
directly carry over to instanton corrections to the superpotential. Here standard non-renor-
malisation theorems state that the superpotential (possibly depending on charged matter
fields @;) has the following form

W=Wye + > [[®igt) T (2.17)

El—inst. 1

i.e. beyond tree-level there can only be non-perturbative contributions from E1-brane in-
stantons of genus zero (for gauge instantons also E5 instantons are possible). This is just
S-dual to world-sheet instantons for the heterotic string, where only world-sheets with the
topology of the sphere contribute.

For a simple situation, let us argue that we expect also poly-instanton corrections to
the superpotential. Suppose the gauge coupling on some D-brane receives beyond one-loop
also D-instanton corrections:

1 1 1 1
P I R e S
gnp

_ 2.18)
2 2 2 (
9t Ytree 91 —loop

Now we consider the four-dimensional low-energy effective field theory on this D-brane.
Let us assume that it is such that an ADS-type superpotential is dynamically generated
by a gauge instanton. The superpotential will then look like

1 2 1 2 2 2
1%%4 — _ (_ 87 ) — _ _ 8m* 8w _ 8w . 21
ADS det @@ exp gf2ull det @@ eXp gt2rcc ggfloop ggp ( 9)

It must be possible to derive the superpotential in the full string theory. There, it is

generated by a D-instanton wrapping the same cycle in the internal space as the D-brane.
Clearly, if the same superpotential is to be generated, the instanton action must receive the
same instanton corrections as the gauge coupling on the D-brane. Analogously to what we
described for the gauge kinetic function, these corrections should arise as poly-instanton
corrections to the superpotential.

— 10 —



Coming back to eq. (R.17), we therefore expect generally that the instanton action
itself can receive corrections from FEl-instantons wrapping holomorphic curves of genus
one, which, in terms of corrections to the superpotential, means that the latter receives
poly-instanton contributions of the form

! ! !
Winst ~ e—Zo(Elr) e OB, + e—Zo(Elr)—Zo(Els) e OB, —5E1, +..., (2.20)
FEl, FElg

where F'1, wraps a curve of genus zero and E1, one of genus one. One might be worried
that these contributions of genus one spoil the celebrated non-renormalisation theorem for
the Type I-heterotic superpotential. But since these genus one instantons always appear
in poly-instanton sectors, where precisely one instanton is of genus zero and all others of
genus one, the dependence on the dilaton superfield S of these poly-instanton contributions
is equal to that of a one El-instanton contribution, where the instanton wraps a curve of
genus zero. More precisely, the dilaton dependence is characterised by the sum of the Fuler
characteristics of the holomorphic curves (up to an Einstein-frame induced factor of —2)

SXEL)+ x(Bl) -2 _ gx(Bl)-2 _ 1 (2.21)

Therefore these poly-instanton corrections are not forbidden by holomorphy of the super-
potential. ® Their presence depends on the value of the coupling E@S and we do not see
any reason why this should generically vanish.

It would be interesting to find concrete examples where these poly-instanton corrections
are definitely present. For the remainder of this paper, we discuss an example where poly-
instanton corrections to the gauge kinetic function can be computed concretely.

Before we compute poly-instanton effects in a concrete example, let us remark that
they are a pure string theory effect and do not occur in field theory. From the explicit
calculations shown in the next section it will become clear that the poly-instanton effects
arise through Kaluza-Klein and winding modes and therefore vanish in the field theory
limit.

3. A heterotic-type I dual pair

So far our arguments and equations have been very general and it could well be that for
some unobvious reason some of the zero mode absorption annulus diagrams do vanish.
Since the appearing gauge threshold corrections can be explicitly computed for D-branes
on toroidal orbifolds [Bg—[{], in the remainder of this paper we will discuss a recently
proposed heterotic-Type I S-dual pair of shift orbifolds [B3, in some detail. It will turn
out to be very illuminating to see how heterotic-Type 1 S-duality works for the instanton
corrections of the gauge kinetic function in this case.

50One could even speculate that there might be contributions from curves of even lower Euler character-
istics, when several spheres are involved, as long as the sum of the Euler characteristics is two.

— 11 —



3.1 The heterotic orbifold

In B3 a dual pair of heterotic and Type I models in four dimensions was proposed based on
a freely acting Zs X Zs orbifold in four dimensions. The orbifold is defined on a factorisable
torus 76 = T2 x T? x T? with the following action of the two Zss

21— —21 Z1—>Z1+% 21—>—Z1+%
/ 7
O: Zg—)—Zg—i—% (S 29 — —29 0" : 2’2—>22—|—% . (31)
23—>23—|-% Z3—>—Z3—|—% 23 — —23 .

The ) orientifold of this model has only one O9 plane, whose tadpole can be cancelled
by 32 D9-branes yielding the gauge group SO(32). Moreover, the Zgy x Zgy orbifold action
projects out all three complex Wilson lines of the D9-branes, so that the massless spectrum
is that of a pure SO(32) gauge theory coupled to supergravity.

We refer the reader to [BJ| for the details of the dual heterotic model, let us only
mention that there the shift symmetry acts in an asymmetric way

TR 7wd TR wd
X X — 4+ — X X _— — 2
L= Xp+ 5+ o rR—Xpt+— SR (3.2)

i.e. it is a combination of a Kaluza-Klein and a winding shift. The orbifold action reduces
to the purely geometric one of (B.1]) in the large volume limit.

What is important for us, is that the authors computed the perturbative (in g5) one-
loop gauge threshold corrections for the gauge group SO(32)

8?(fa) = %(8) +Aa (3.3)

where the running due to massless modes is contained in A,. In order to do so, one
starts from the following formula for the one-loop gauge threshold corrections in heterotic
compactifications [i2, {].

R I3 ), 1 OF il
A TIPS >87<7>Tr“<<%‘m><‘” i), o

even(a,f3

This formula amounts to computing a trace in the Hilbert space of the internal CFT. @,
is the charge of a string state under the gauge group G, under consideration, F is the
right-moving world-sheet fermion number and H and H are the left- and right-moving
world-sheet Hamiltonians. The sum in (B.4) runs over the even spin structures of the
fermions of the right-moving superstring.

After slightly rearranging the result of [BJ], for later matching with the Type I side,
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the thresholds can be written in the form®

) x (3.5)
() (1)

where the last sum runs over the three sectors (a,b) € {(0,0),(0,1/2),(1/2,0)} and orig-
inates from the SO(32); left-moving current algebra. Here we have set the normalisation

to one, as throughout our computation we will ignore the overall moduli-independent nor-
malisation factor. In (B.§) one defines
(LU@%4<iJ

2

. (@) , (i)
A ST (1)t exp |2 det(A) T — ”75(.)
g TQZ/{2Z

ni,l1,m2,l2

(3.6)

and the matrix of the Kaluza-Klein and winding modes as

9 4 h
A:<"1+2ll+2> , (3.7)

no la

where for the two Kaluza-Klein sums the Poisson resummation formula has already been
applied. Note, that the terms in the first line of (B.5) arise from the right-moving supersym-
metric sector of the heterotic string and the terms in the second line from the left-moving
bosonic sector.

In [BY the authors nicely matched the perturbative (in o) purely complex structure
moduli dependent contributions

0
Al—loop = IOg <T]_§(2u)> (38)

to the gauge kinetic function for this heterotic - Type I dual pair. They arise in (B.§) from
the sum over the degenerate orbits with det(A) = 0. Here we are interested in corrections
arising from world-sheet instantons, i.e. in terms with det(A) # 0. The questions we would
like to answer are:

e Can we quantitatively reproduce the holomorphic part of the heterotic result on the
Type I side in terms of E1-brane instanton corrections?

e Are there poly-instanton contributions on the Type I dual side and, if so, are they
also included in the heterotic dual?

5Note that we have included an extra factor i in the third term in the first line of (@) as compared
to [@] to make (E) modular invariant and to ensure in particular that the second and third term in the
first line of (E) transform into each other through a modular T transformation.
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The first step is to evaluate the integrals in (B.5), which can be done using the methods
introduced in [§, i4]. One starts by unfolding the integral over the fundamental domain F
of SL(2,Z) by taking orbits of matrices A under the modular group. Taking into account
that by a modular transformation the three summands in (B.5) get mutually interchanged,
it is easy to see that in each non-degenerate orbit there is precisely one matrix of the form

_ [k
(k). N

with 25,2k, p € Z, 0 < j < k, but not both j and k integer. Such an orbit is characterised
by det(A) = k- p. In the following, we will only be concerned with instantons, i.e. p > 0,
as opposed to anti-instantons, for which p < 0. Unfolding the integral then allows one to
carry out the integral, as it becomes an integral over the full upper half r-plane, which,
following precisely the steps documented in [[i4], leads, for fixed det(A), to the general form
for the holomorphic part

3

7 T 1 i de ()
A(U,T):ZA(Z/{i)meQ det(A) T (3.10)
=1

For the holomorphic prefactor A(U) we obtain

()-S5 e

AU =A 0

fork‘EZandeZ—l—%,
. . a 16 a1l .
<J +pU> G (2] (0L (] +p7/l> (3.12)
k 7?92 T\ " I[¢] k
forkGZ—l—%andjeZand
jra\ _ i (0[] (ol (it
( > =t Z b o ( > (3.13)
k ?o3 e\ 9 [4] k

forkEZ—F%andjEZ—i—%.
The above expressions can be rewritten in terms of the Eisenstein series Eo and 9/n-

AU) = A |

1
1

A(L{):A[

functions. Note that these are only the holomorphic parts of the amplitude, whereas the
integral (B.§) contains also non-holomorphic pieces, e.g. one originating from the second
summand (7/72) in the last bracket. Upon including this term, the above expressions
become modular forms involving /n-functions and the modified Eisenstein series By =
Ey— %Tz Here we are only interested in the holomorphic pieces contained in the Wilsonian
gauge kinetic functions and will therefore mostly neglect all the non-holomorphic pieces.
We will however include this 7 /7 contribution when concerned with the modular properties
of the expressions obtained.
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It was shown in [4] that the sum over the orbits is nothing else than the Hecke operator
acting on a modular form, which defines a new modular form in terms of a finite sum over a
known modular form at shifted arguments. Due to the Zy x Zo orbifold action the modular
properties of the thresholds A(U) do change, as the relevant modular group is only the
Iy C SL(2,7Z) subgroup generated by {1?,U? = ST~2 S} [§. This group is the maximal
subgroup of SL(2,Z) which leaves the momentum/winding sums in (B.§) invariant. The
expression (B.I1(]) can be considered as a generalised Hecke operator with respect to the
modular subgroup I's.

Let us now extract the leading and next to leading order instanton corrections to see
whether they can be understood from the Type I dual perspective:

First order instanton sector. The leading order instantons” have det(A) = 1/2, for
which there exists only one orbit, one representative being

A= (% ?) : (3.14)

so that after some little algebra the instanton correction becomes

MUT) =24 (1) (ou) emiT
271'2 e7riT 193 16 R
BEREE?) <?(2u)> <E2 + 03 — 193) (2U) + (3.15)
eﬂ'iT 794 16 R
) (;(%l)) (E2 — 3 - v“é) (2U) + (3.16)
e7riT 192 16 R
+W (;(%f)) (Ez +79§+193) u)| (3.17)

Our task in the next section will be to identify the holomorphic contributions in this
expression on the Type I side, not only qualitatively but quantitatively. Note that to
capture the I'o modular properties of this expression we have written Fs instead of the

[=(

holomorphic piece E,. The invariance under 72 is obvious, as the only pieces in (B.15)-
(B.17) transforming non-trivially are

T2 95(2U) — —02(2U), T2 :n(2U) — % n(2U) . (3.18)
Under U? the various contributions transform as follows
Fy <%) = (w+1)? Ey(2U)
n <%> = e 12 /U1 n(2U)
U?: <oy % = e~ T a1 94(2U) (3.19)
U3 (5iy ) = Vet 92(2U)
Oa (s ) = Vet 95(2U)

"We say that an instanton has order n, when it appears with exp(nmiT).
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so that (B.16) is invariant and (B.15) and (B.I7) are exchanged. Therefore, Ay (U,T) is
indeed invariant under the modular group I's acting on the complex structure modulus Y.

Second order instanton sector. The next to leading order instantons have det(A) = 1,
for which there exist two orbits. We choose the representatives

1 1
A= ((2) g) . A= (é i) (3.20)

leading to
0 2mi T 1 1 2mi T
AU, T)=A 1 (aUu) e +A 0 5—1—2/1 e
72| e2mT 9 16
= 5 | (5@0) (Barot-o) o 2
e2mi T 9 6
+W (74(42/{)> <E2 _ﬂ%_ﬂé) (4U) + (3'22)
2mi T 9 16
+m (f(zx&ﬁ) (E2+19§+19§i) ()| + (3.23)
x2e—mi/3 [ g2miT 93 (1 6 A A 1
T (? <5+U>> (B2 45— 01) <5+U> toe
e2mi T 94 (1 16 1
e e Eo—9%—p94) (= 2
oo (n <2+u>> (£ - 03— v3) <2+u>+ (3.25)

e27riT 792 1 16 ~ A A 1

One can show that this expression is invariant under the modular subgroup I's, where in

particular under U? the two orbits in (B.20) get exchanged.
Of course, both in the first and the second order instanton sector (in fact in any), we

get all terms for all three two-tori.

3.2 The Type I dual

These heterotic world-sheet instanton corrections are expected to be S-dual to E'l-instanton
corrections in the Type I model. Recall that here we have the O9-plane and 32 D9-branes,
which, in order to get the S-dual of the heterotic model, must have trivial Wilson lines
along the six one-cycles of 7.

Let us start with the single instanton corrections to the gauge kinetic function. The
contributing instantons must have the right zero mode structure. First of all they must
be O(1) instantons, which is guaranteed for E1l-branes wrapping one of the three T2
factors with or without a Wilson line turned on, which is invariant under €. Ignor-
ing first the Zy x Zy orbifold action this is satisfied for discrete Wilson lines («, ) €
{(0,0),(0,1),(3,0),(3,3)} along the fundamental one-cycles of the T2 the brane wraps.
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-/\‘- T —I/\i o) X3

Figure 5: Position of a single O(1) instanton: This E1 wraps the third 72 and is localised on the
fixed pOiIltS (xluyl) = (07 0) + (1/27 0)7 ($27y2) = (1/47 O) + (3/47 0) of © .

However, for trivial Wilson lines (0,0) extra charged zero modes appear from open strings
stretched between the F1 and the D9 branes. Moreover, one of the three Zss acts on the
torus T2 only by a Zg shift z — = + % Taking into account that this shift acts like (—1)™
on the KK modes, we conclude that a Wilson line (%, .) is not allowed whereas an odd
Wilson line (1,.) is non-trivial.

Therefore, for each T2 of the Zy x Zg shift orbifold we have three candidate O(1)

instantons with discrete Wilson lines

E18%), Elglﬁo), Elg?’%) i=1,2,3. (3.27)
In order for them to contribute to the gauge kinetic function, they must also have precisely
the two modulino zero modes u®, i.e. they must be rigid along the other two 7?2 factors
transverse to the instantons. But this can be arranged by placing them on the four possible
pairs of fixed points of the Zy which acts by a shift along the T2 wrapped by the instanton
like shown in figure fj.

Therefore, altogether we found 3 -3-4 = 36 O(1) instantons which have the right zero
mode structure to yield a single instanton correction to the gauge kinetic function of the
pure SO(32) super Yang-Mills theory on the D9-branes. For reasons that will become clear
later, let us denote these instantons by

E1F E1YF, B (3.28)

with i = 1,2,3 denoting the T2 factor wrapped by the instanton, k = 1,2,3,4 denoting
the pair of fixed points where the instanton is located on the two remaining T2 factors
and finally the lower index denoting the discrete Wilson line turned on along TZ-2 with
Ely = E1(07%),E14 = Elq ), El3 = El(l’%).

3.3 The one-instanton sector

According to the formula (B.J) we now have to compute various gauge threshold corrections,
which can be done quite analogously to the computation of N=2 sector gauge thresholds

described in [B7]-[q).

First we have to compute the one-loop fluctuations around the E1 instantons, which
are related to the threshold corrections [@% and D@@g. In the amplitudeDOsID)g for, say, the
D5 brane shown in figure ] only the (1 + ©)/2 insertions in the trace give a non-vanishing
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contribution, as ©" and ©” act by shifting the D5 along the first two 7%s. Denoting the
Wilson lines along D5 as (a, 3) and transforming the expression into tree-channel we get
the general threshold corrections for this N = 2 sector &

o) e 7Tl
TO =m0 0] =am [Ta 3 B e g
D5 D9 E1 D9 0 5= —o0
(r,5)#(0,0)
o] 0 —WTZI‘T’-‘,-l—i-Z/{s’z . 1
AT, / a S e el it b
0 r,8=—00

The appearing integrals are straightforward to compute using the methods from [B7, B9, ]

The threshold corrections arising from the Mobius strip amplitude only receive con-
tributions from the undressed ) insertion in the trace, as again QO and QO” shift the
position of the D5-brane while Q20 is an N = 4 sector and therefore its threshold corrections
vanish. It only remains to compute the integral

e}

e8] _nTyl 2
TR =R[O0R] =7 [Ta X EE e
D5 09 ET 09 0 r,s=—00
(r,)7(0,0)

For an instanton Elé’ng all these amplitudes do not depend on k£ and on ¢ only via the
changed argument U/ = U;, while the functional form does depend on the discrete Wilson
line. For the three types of discrete Wilson lines we obtain:

E1,. For the F1-D9 annulus diagram we get’

~ 1610 [ P2
%}9_ 161g<n(22/l)> (3.31)

where the prefactor of 16 originates from the 32 D9-branes and for the Mdobius strip we
get the simple result!'®

=4 log (n(Uh)) . (3.32)
El2 09

FE13. For this instanton the computation of the E1-D9 annulus is up to one overall sign
in front of the second term in (B.29) identical to the former case and we get

= —16 log <ﬁ(2U)> : (3.33)

Elz D9 n

For the M&6bius strip we get the same result as for the E'1y instanton.

8Note that in the following expressions we have already subtracted the divergence due to tadpoles. In
the full instanton amplitudes the divergences cancel when taking all annulus and Mobius diagrams into
account.

9Strictly speaking, (B.29) and ) only yield the real parts of the following expressions, which we
believe to have its reason in the fact that only the even spin structures have been included. As we are
interested in the gauge kinetic function, we promote the results to holomorphic functions.

10Note that in order to obtain this result, one has to remove the massless open strings from ) (which
is the correct prescription for evaluating the amplitude [@]) In tree channel this is done by regularising
the integral in () and removing the regulator after subtracting the divergence.
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E14. Here the annulus diagram yields

= —16 log (ﬁ(%{)) (3.34)

E1s D9 n

and again the Mo6bius strip amplitude is not changed.

Comparing this with the heterotic single instanton contribution in (B.1§)-(B.17), we
realise that the sum there corresponds to the three different classes of E'1 instantons and
that the Type I one-loop determinants exp[—)@l:.];g — 91:@] precisely give the first two
factors in each line. It remains to compute the zero mode absorption annulus diagrams

[ngg for the three types of Fl-instantons. Recall from section 2.2 that these amplitudes

are related to second derivatives of threshold corrections aa—n;%. We have just computed

the latter. Upon including a relative (continuous) Wilson line m they take the form

- (m, 2U)>
n(2U)

for r = 2,3,4. Therefore, for the three different classes of single E1 instantons, we get

= —16 log ( (3.35)

D5, D9

19// 7'('2
/d29d2u O 0—%2@1) =5 (Ba + 94 + 1) (2U)
D9 Ely 2
" 7.r2
/d29d2u O 79—3(22/{) = (B + 95— 93) (2U) (3.36)
D9 Elj 3
i 7.r2
/d20d2u O 0—4(22,1) =3 (Ez — 93— 93) (2U),
D9 Ely 4

which agree precisely with the third factor in each of the three heterotic contributions
in (ET3) E10.

We conclude that we managed to quantitatively match the holomorphic part of the
single instanton contributions from the heterotic and the Type I side. We consider this as
evidence that the (single) D-brane instanton calculus is correct and that in particular our
formulas (P.15), (B.19) relating the four fermionic zero mode absorption annulus diagrams
to second derivatives of gauge threshold corrections make sense. Both on the heterotic and
the Type I side there are non-holomorphic corrections in the string diagrams, arising as
effects of the massless modes. It would be interesting to see whether the instanton calculus
on both sides gives complete agreement also for the entire string expressions and not just
for their holomorphic Wilsonian pieces.

From the Type I perspective it is clear that the three contributions in (B.15)-(B.17)
originate from three different O(1) instantons distinguished by relative discrete Wilson
lines. However, on the heterotic side the S-dual interpretation might not be so familiar,
as the three terms are related to the GSO projection of the 32 left-moving world-sheet
fermions. However, it was already observed in [l that the heterotic world-sheets with
the four-different spin structures of the 32 free fermions are related to the four possible
Zs Wilson-lines for the O(1) Dl-instantons. Indeed the fermions with PP-spin-structure
do have zero modes, so that they do not contribute in (B.15)—(B.17) leaving only the three
contributions AA, AP, PA.

— 19 —



3.4 Multiply wrapped single instantons

Having identified the single instanton contributions, it remains to clarify what the Type I S-
dual of all the higher terms in the heterotic instanton expansion is. Very similar expressions
have already appeared for other heterotic instanton corrections (see [@, [, @]), where it
was pointed out that the higher terms are S-dual to certain bound states of Fl-instantons,
which can also be considered as single but multiply wrapped El-instantons [ig, f]].

In order to determine the contributions of these multiply wrapped instantons to the
gauge kinetic function, one has to compute annulus and M&bius diagrams. They only differ
from those appearing in the first order instanton sector in that the momentum/winding
sums are changed. The necessary modification of these sums is most easily described
by introducing the effective complex structure modulus U, which is just the complex
structure modulus of the cycle the instanton wraps. This cycle covers one of the three two-
tori that constitute the internal manifold several times. In other words, the lattice that
defines the two-torus of the compactification manifold is a sublattice of the lattice that
describes the cycle the instanton wraps. This is illustrated in figure [j. The equation (B.4)
suggests that the effective complex structure modulus of the cycle wrapped by the instanton
that captures the contribution corresponding to a particular matrix A in the heterotic
picture is encoded in

(1, U) A= <A11 + Ao, A1p + A22U) ; (3.37)

where U is the complex structure modulus of the torus the instanton wraps several times.
More precisely, UT = (A9 + Agld)/2(A11 + AsiUd). Furthermore, it turns out that, in
order to get a matching of the heterotic and type I results, one has to modularly transform
the matrix A such that Ay € Z+1/2 and A € Z.

The matrices of interest for the present case are given in (B.9) and we will now discuss
the three cases distinguished by whether k and j are integer or half-integer. If k € Z +1/2
and j € Z the matrix already has the correct structure and the effective complex structure
modulus is given by U = (j + pid)/2k. The cycle the instantons wraps in this case is
shown in figure f]. The annulus and Mébius diagrams are those that appear in the one-
instanton sector with U replaced by U¢®. One therefore finally finds that the instanton
yields the contribution (B.13) to the heterotic amplitude.

If both k and j are half integers, one performs a modular T~! transformation on A
and obtains U = (j — k + pUd)/2k. As in the previous case, the annulus and M&bius
diagrams are those of the one-instanton amplitudes, so one finds the one-instanton result
with U replaced by Ut = (j —k+pU)/k, i.e. (B.1d) with argument(j —k-+plf)/k. Applying
a modular T transformation this can be rewritten and reproduces the term (B.13) in the
heterotic amplitude.

Finally, if £ € Z and j € Z 4 1/2 one finds, after a modular S transformation on A,
Ut = —k/2(j + pd). Another modular S transformation, this one on the full instanton
amplitude, gives the required result, the third term (B.11]) of the heterotic amplitude.

3.5 The two-instanton sector

Let us now look more closely at the second order instanton sector. The two heterotic orbits
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J 2k
Figure 6: Multiply wrapped E1 instanton for k € Z + % and j,p € Z.

Figure 7: Left: E1 instanton for k = %, 7 =0,p=2. Right: E1 instanton for k =1, j = %,
p=1

characterised by

1 1
A= ((2) g) . A= (é i) (3.38)

correspond to the twice-wrapped El-instantons shown in figure [j.

However, what about the various Type I poly two-instanton contributions
"k 'l7kl '7k 'l7kl '7k 'l7kl
E13" — E1,", E13" — E1) E15" — E15 (3.39)

which arise at the same second order in exp(27i7 ) and which in section 2 we proposed to
exist?

First, following our El-instanton calculus introduced in section 2, let us compute
these genuine two instanton contributions explicitly. We note that for ¢ # ¢’ the zero mode
absorption amplitude @} vanishes, as the two instantons wrap different 7%s so that the
threshold correction cannot depend on any of the Wilson-lines along the cycles of the two
instantons. Similarly, for i = ¢ but k # k' the amplitude @} vanishes because there are
no momentum modes invariant under the © insertion. Therefore, we only have to consider
the case i = ¢ and k = k’. For instance, the first amplitude (up to a normalisation factor
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k) we expect to be equal to

A(Bls, BLy) = « / A\ 26, 20, &, dp, (g% O+
3

<o (-0 0 =0 Qe (-0 0 -0 0) e @
Els D9 Els 09 Els D9

Ely 09

13 El4

In order to determine E@% = EQ%IS, we only have to compute the second derivative of

DQ;QM As the El3 and F1, instantonic branes are parallel on all three T2s, only the term

with the © insertion (in loop channel) contributes to the threshold correction amplitude
and we find

D353 54{
9
O =oe (e 341
D53 Db 3
leading to
o s ()8~ 5 LR
d*xys d°0sd” s o~ ~ = — =2 = —pfy(2U) . (3.42)
By By O g pEm=0 V2 U3

Collecting all terms, we find for this two instanton amplitude

T oy V3(2U) (D304
3 nU) \ n?

which invoking some ¥-function identities can be written as

A (Fl13,E1y) = (2u>>16(2 E, — 93 —9))(2U) , (3.43)

A (FE13,Ely) = it emt <%(4u)>16 (By — 93 — 93) (4U) . (3.44)

3 gt \ g

One realises that this has precisely the form of the holomorphic part of the heterotic
contribution (B.29), which naively could mean that this poly-instanton contribution is
already included in the heterotic expression of multiply wrapped single instantons.

The other possibility is that the equality is more a coincidence in the sense that a
D-brane wrapped twice around a cycle b has (up a to normalisation factor two) the same
partition function as a pair of singly wrapped D-branes with relative Wilson line w = %
along the cycle b. This would explain why the two-instanton sector Els — E14 has the
same functional form as the doubly wrapped one instanton E1l4. In this latter case, the
fact that we really get the same result for the two-instanton and single doubly-wrapped
instanton corrections establishes another positive test of the formulas (B.40) and (B.41]).

Before we draw our final conclusions, let us proceed and collect more data. Completely

analogously, using

/ d*zys 05 d’ps () [] ~ 7 04(2U) (3.45)
Els Ely

we can compute the Fly — E1, poly-instanton correction and obtain

T e VACH)

A(ElQ,E14) = 3 € T]S(Z/{)

16
(7972;294 (2u>> (2 By — 05 + 03)(2U) (3.46)
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which can be expressed as

7.(.4% . e27riT 9 1 16 1
A(Bly, Bly) = —=e ’”/3774(2“) <;2<§+u>> (B + 04 +93) (5 +u>.

A

This expression is equal to the heterotic contribution (B.2() arising from the other or-
bit. These two singly wrapped instantons have the same partition function as the doubly
wrapped single instanton E1s. Note, that with the modular properties (B.19) it is obvious
that under U? the two contributions (B-4§) and (B.43) get exchanged.

It remains to discuss the Ely — F13 poly-instanton correction. However, since these
two instantons are only different by a relative Wilson line (o, ) = (1,0), there appear extra
zero modes that are not all removed by the © projection. This is immediately obvious by
looking at the related D@;%g amplitude which tells us that there are four fermionic charged
matter zero modes in the D55-F13 sector, so that there is no E1l3 instanton correction
to the gauge coupling on the D5y brane. By noting that (9293/n%)(2U) = (92/n)(U), we
expect that, if this coupling were there, it would be related to the heterotic contribution
from the string doubly wrapped along the xz-axis. However, this contribution is absent on
the heterotic side, which again is consistent with the absence we just observed on the Type
I side.

In the second order instanton sector it was possible to consistently relate all poly-
instanton contributions to heterotic contributions from twice wrapped single instantons.
When finally briefly discussing the third order instanton sector, we will see that this agree-
ment was merely a coincidence, due to the equality (up to a normalisation factor two) of
the partition functions of a doubly wrapped brane and a pair of singly wrapped branes
with relative one-half Wilson lines.

Note that by S-duality these two-instanton contributions are expected to arise from
two world-sheet instantons with different spin structures of the SO(32) fermions.

3.6 The three-instanton sector

To clarify the relation between multiply wrapped single instantons and poly-instantons
let us look more closely at the third order instanton sector. The heterotic gauge kinetic
function receives the four contributions

2 o 2 o] [2u :
AsU,T) = S A || (6U) e?””T+§A ) <?> T 4 (3.47)
2 1o (242U 5.7 2 (1| (1+2U\ 5.7
2all] () oo 2a]l] () e

Looking for instance at the ¥-functions at arguments which are multiples or quotients of 21/
by three, one realises that these triply wrapped instantons can actually only be equivalent to
the product of three singly wrapped branes with discrete Wilson lines quantised in units of
% but but not to poly 3-instanton sectors with relative discrete Wilson lines w € {0,1/2,1}.

On the Type I side we expect to get all kinds of instanton corrections. First, there
will be the triply wrapped single instanton contributions directly present on the heterotic
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side (B.47). Moreover, there are poly-instanton contributions involving one doubly wrapped
instanton and a second singly wrapped instanton. In addition, there are poly-instanton
contributions from three single instantons, which are partly already a consequence of the
power tower like behaviour starting at the two-instanton level, i.e. the third order (n = 2)
terms in the expansion (R.9).

One genuine three instanton sector, which is first present at this level involves all
three types of single instantons Fjs 3 4, all wrapping the same T2 and localised on the same
transversal pairs of fixed points.

We will now compute this amplitude using the methods developed in section 2. After
summing over all non-vanishing combinations for absorbing the zero modes it reads

A (F1y, Fl3, E1y) (3.48)
=K / d*zys d*agy d20, d20, d20, du, dPps &, €7

OD+00 00 On+0n 00 05)

<D9 FEls Els E14 E14 Els D9 FEls Fls El14 El4 Elg D9 FEl4 Fl14 Elg El4 Els

exp <_ngzID>9 - %) exp <_® B @> P <_® - %)

Els D9 Els 09 Els D9

We have argued before that, due to charged zero modes, there are no Fla(FE13) instanton
corrections to the gauge coupling on D53(D52). We therefore do not expect Els and Elj
to mutually correct their instanton actions. That is why the diagrams E<2Ejlj3 and E@Q are
not allowed in the above expression, which is reflected in a divergence that shows up when
calculating these diagrams with the methods used before.

All the ingredients of the amplitude shown above have already been computed, so we
proceed by simply inserting them and find

O8(2U) (929504 16 9 -
A(Ely, El3, Ely) = —k7* =1 ( - (2L1)> T (2U) 3™
2 (U) n r=2,3,4 Uy

Es
0393

= k02t u) ™7 (3.49)

where we have used the identity 21> = 195 93 19,. Note that this poly-instanton contribution
is invariant under the modular group I'Y. This amplitude eventually has a comparably
simple functional form and is not present on the heterotic side. Therefore, in contrast to
the two poly-instanton contributions this three poly-instanton amplitude can apparently
not be considered equivalent to a triply wrapped single instanton but is genuinely new.
We have argued that the instantons F1s and E14 mutually correct their actions and
that the same is true for the instantons E13 and E14. We have also explained that this
should not be the case for Fly and Els. Taking this into account, the infinite power
tower (R.11)) of instanton corrections to the gauge kinetic function in the present case takes
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the following form (shown explicitly up to third order):

€_S4 + E;4£12 6752‘. +E;4£13 6753.. ) (350)
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where we have not shown explicitly the one-loop determinants. When expanding this power
tower one finds that the first and second order terms reproduce the one- and two-instanton
amplitudes we wrote down before. Furthermore, the third order terms involving all three
different instantons equal the three-instanton amplitude we just computed, including the
correct relative combinatorial prefactors of the three different terms.

Note that in the complete power tower expression for the gauge kinetic function also
the multiply wrapped instantons have to be included. We expect that this eventually gives
the full exact non-perturbative result. The expectation is that this whole (sort of fractal)
object is modular invariant under I'. It is beyond the scope of this paper to further
elucidate the mathematical aspects, like modular and convergence issues, of these power
towers.

Moreover, after integrating out all massive modes, the pure N = 1 SO(32) Yang-Mills
theory on the D9-branes is expected to show gaugino condensation and a dynamically
generated superpotential

27 S

W=Aes | (3.51)

where the one-loop beta-function coefficient is already included. However, as we have just
seen, in string theory the tree-level gauge coupling fiee = ¢S receives further one-loop
threshold and instanton corrections so that we expect the whole power tower to appear in
the exponent of (B.51]). Therefore, the heterotic - Type I model also serves — in some sense
— as an example of the poly-instanton superpotential corrections discussed in section P.3.

Let us summarise our conclusions from the very explicit discussion of the instanton
corrections to the holomorphic gauge kinetic function of this heterotic-Type I dual orbifold
model.

e The ordinary gauge threshold computation for the gauge coupling of an N = 1 super-
symmetric heterotic string model includes only instanton corrections from multiply
wrapped though single world-sheet instantons distinguished in our model by the spin
structures of the 32 left-moving fermions.

e On the Type I dual side these corrections arise from multiply wrapped single F1-
instantons with different Zy C U(1) Wilson lines. Here, we do not encounter any
obstruction to the computation of poly-instanton corrections. In fact the relevant
zero mode absorption amplitudes could be computed explicitly and for Fl,-E14 and
F15-F1, were non-vanishing.
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e For the special cases that the instantons in a poly-instanton amplitude can be consid-
ered (in the aforementioned sense) as a single multiply wrapped instanton, the two
resulting instanton amplitudes agree, which gives us some degree of confidence that
the euclidean instanton calculus presented in section 2 is correct.

e In view of these results and assuming that S-duality holds, two logical possibilities
seem to offer themselves. Either on the Type I side, we are missing a further criterion
for instantons to contribute or the heterotic computation involving a sum over oscil-
lator, Kaluza-Klein and winding excitations of a single heterotic string running in a
loop is blind against these poly-instanton contributions, as its starting point is per
se a single heterotic string world-sheet. The fact that one is only dealing with one
world-sheet is clear from (B.4), as it instructs one to perform a trace in the Hilbert
space of one CFT.

4. Remarks

We would like to close with a number of more general concluding remarks.

What we have exemplified and explained mostly for the holomorphic gauge kinetic
function, is expected to occur much more generally. The following statement summarises
what we have observed in this paper: Whenever for certain couplings one finds instanton
corrections to instanton actions, one should get a power tower like proliferation of instanton
corrections. Compared to world-sheet instantons in the heterotic string, the existence of
these poly-instanton corrections is much more evident for D-brane instantons, simply for
the reason that here we can use open string theory to compute the zero mode absorption
diagrams involving many D-brane world-sheets, in other words terms in the effective action
of multiple D-branes. Assuming S-duality, for fundamental string instantons, these terms
would presumably be visible in an approach allowing the treatment of multiple disconnected
string world-sheets and their higher order interactions. In analogy to El-instantons, these
interactions are not expected to be splitting and joining processes of strings, but rather
terms in the two-dimensional effective action of multiple string world-sheets.

It is important to emphasise that none of the poly-instanton corrections we proposed
violates the non-renormalisation theorems for holomorphic couplings in N = 1 supersym-
metric four-dimensional string compactifications, which were originally derived for instance
in [fl, P]. In fact they generalise them to poly-string instantons. It would be interesting
to see, whether the vanishing instanton sums of [50] can be generalised to cases where
poly-instanton contributions do exist.

Clearly, it is important to know which instanton actions receive instanton corrections.
We established this behaviour for O(1) instantons in N = 1 supersymmetric orientifold
models. By just looking at the zero mode counting, we do not expect similar corrections to
the 1/2-BPS fundamental, F1 and E3 instanton corrections to the N = 2 hypermultiplet
moduli space as recently discussed for instance in [F1, BJ]. Similarly, these corrections
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are expected to be absent for the topological A-model and its various genus g world-sheet
instanton corrections.

From the calculations in the previous section one can see that poly-instantons arise
from sectors preserving N = 2 supersymmetry (in four dimensions). It is therefore con-
ceivable that poly-instantons are also present in Type I compactifications preserving eight
supercharges. By duality, one would therefore expect them in compactifications of the
heterotic string preserving eight supercharges. If even more supersymmetry is preserved,
poly-instantons of the form described in this paper cannot occur. This is because the rele-
vant instantons have too many zero modes. Another way to see it is that gauge couplings
in theories with sixteen supercharges do not receive corrections.

These poly-instanton corrections will also occur for charged matter couplings in the
superpotential. If there are at least two instantons which correct the action of the rigid
charged instanton and which do not carry any charged matter zero modes, one gets the
exponential proliferation we have seen in this paper. If however an instanton that corrects
the action of an instanton contributing to the superpotential carries additional charged
matter zero modes, then for instance the two instanton sector can contribute to a different
charged matter coupling constituting possibly the leading order term.

Even though these poly-instanton corrections are strongly suppressed in the perturba-
tive regime, they might, under certain circumstances, provide the leading order dependence
on some Kahler moduli. It remains to be seen what the effects of such corrections are for
moduli stabilisation and fine-tuning problems.
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